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Remark
In n variables a critical point x0 is a local minimum for f ∈ C2 if for
each k = 1, . . . , n
det[Hk(f)(x0)] > 0
where Hk(f) is the principal minor of order k of H(f)
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Remark
In n variables a critical point x0 is a local minimum for f ∈ C2 if for
each k = 1, . . . , n
det[Hk(f)(x0)] > 0
where Hk(f) is the principal minor of order k of H(f)
In n variables a critical point x0 is a local maximum for f ∈ C2 if for
each k = 1, . . . , n
det[(−1)kHk(f)(x0)] > 0
where Hk(f) is the principal minor of order k of H(f)
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Theorem (Lagrange multipliers) Let m < n, V be open in Rn and
f, gj : V → R be C1 on V for j = 1, 2, . . . ,m. Suppose that rank of
∂(g1, . . . gm)
∂(x1, . . . , xn)
is m in x0 ∈ V where gj(x0) = 0 for j = 1, 2, . . . ,m and suppose that
x0 is a local extremum for f in the set
M = {x ∈ V : gj(x) = 0}.
Then there exist scalars λ1, . . . , λm such that
∇
(
f(x0)−
m∑
k=1
λkg(x0)
)
= 0
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Sufficient conditions: Bordered Hessian
Find max or min of f(x, y) under the constraint g(x, y) = 0
Lagrangean L(x, y, λ) = f(x, y)− λg(x, y)
After solving the system
f
′
x (x, y)− λg′x (x, y) = 0,
f
′
y (x, y)− λg′y (x, y) = 0,
g (x, y) = 0.
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evaluate
Λ = det

L
′′
xx L
′′
xy gx
L
′′
xy L
′′
yy gy
gx gy 0

Λ > 0 maximum
Λ < 0 minimum
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Cobb Douglas
f(x, y) = xay1−a → max
sub px+ qy − c = 0
Assumptions 0 < a < 1, p, q, c > 0.
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Cobb Douglas
f(x, y) = xay1−a → max
sub px+ qy − c = 0
Assumptions 0 < a < 1, p, q, c > 0.
Lagrangean L(x, y;m) = f(x, y) − mw(x, y) where w(x, y) = px +
qy − c. Critical point equations
Lx(x, y;m) = ax
a−1y1−a −mp = 0 (1a)
Ly(x, y;m) = (1− a)xay−a −mq = 0 (1b)
Lm(x, y;m) = px+ qy − c = 0 (1c)
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Eliminating m between (1a) and (1b) we get
(1− a)px− aqy = 0 (2a)
px+ qy − c = 0 (2b)
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Eliminating m between (1a) and (1b) we get
(1− a)px− aqy = 0 (2a)
px+ qy − c = 0 (2b)
Solving: 
x =
ac
p
y =
c(1− a)
q
m = (1− a)1−aaap−aqa−1
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The critical point is a maximum, in fact the bordered hessian is
(a− 1)a
(
ac
p
)a−2 (
c−ac
q
)1−a
(1− a)a
(
ac
p
)a−1 (
c−ac
q
)−a
p
(1− a)a
(
ac
p
)a−1 (
c−ac
q
)−a
−a(
ac
p )
a
( c−acq )
−a
q
c q
p q 0

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The critical point is a maximum, in fact the bordered hessian is
(a− 1)a
(
ac
p
)a−2 (
c−ac
q
)1−a
(1− a)a
(
ac
p
)a−1 (
c−ac
q
)−a
p
(1− a)a
(
ac
p
)a−1 (
c−ac
q
)−a
−a(
ac
p )
a
( c−acq )
−a
q
c q
p q 0

so that
det =
aa−1p2−aqa+1
c(1− a)a > 0
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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
Critical point equations 
2− my
3/4
4x3/4
= 0
1− 3mx
1/4
4y1/4
= 0
x1/4y3/4 = 1
9/12 Pi?
22333ML232
Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
Critical point equations 
2− my
3/4
4x3/4
= 0
1− 3mx
1/4
4y1/4
= 0
x1/4y3/4 = 1
Divide the first two equations obtaining6 =
y
x
x1/4y3/4 = 1
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Conclusion x = 6−3/4, y = 61/4, m =
4× 21/4
33/4
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Conclusion x = 6−3/4, y = 61/4, m =
4× 21/4
33/4
Bordered Hessian
Λ =

3my3/4
16x7/4
− 3m
16x3/4y1/4
y3/4
4x3/4
− 3m
16x3/4y1/4
3mx1/4
16y5/4
3x1/4
4y1/4
y3/4
4x3/4
3x1/4
4y1/4
0

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Substituting critical point
Λ =

3×33/4
4
√
2
− 33/4
2 4
√
2
33/4
2 4
√
2
− 33/4
2 4
√
2
1
4 4
√
6
33/4
4 4
√
2
33/4
2 4
√
2
33/4
4 4
√
2
0

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Substituting critical point
Λ =

3×33/4
4
√
2
− 33/4
2 4
√
2
33/4
2 4
√
2
− 33/4
2 4
√
2
1
4 4
√
6
33/4
4 4
√
2
33/4
2 4
√
2
33/4
4 4
√
2
0

Then det Λ = −3
4
√
3
23/4
thus we have a minimum
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Esempio
Minimizzare la funzione f(x, y) = x2 + 2y2 + 3z2 + 2xz + 2yz sottoposta ai vincoli
x+ y + z = 1 2x+ y + 3z = 7
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Esempio
Minimizzare la funzione f(x, y) = x2 + 2y2 + 3z2 + 2xz + 2yz sottoposta ai vincoli
x+ y + z = 1 2x+ y + 3z = 7
la Lagrangiana e`
L(x, y, z;m,n) = x2 + 2y2 + 3z2 + 2xz+ 2yz−m(x+ y+ z− 1)−n(2x+ y+ 3z− 7)
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la Lagrangiana e`
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Condizioni di ottimalita` 
2x+ 2z = m+ 2n
4y + 2z = m+ n
2x+ 2y + 6z = m+ 3n
x+ y + z = 1
2x+ y + 3z = 7
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Esempio
Minimizzare la funzione f(x, y) = x2 + 2y2 + 3z2 + 2xz + 2yz sottoposta ai vincoli
x+ y + z = 1 2x+ y + 3z = 7
la Lagrangiana e`
L(x, y, z;m,n) = x2 + 2y2 + 3z2 + 2xz+ 2yz−m(x+ y+ z− 1)−n(2x+ y+ 3z− 7)
Condizioni di ottimalita` 
2x+ 2z = m+ 2n
4y + 2z = m+ n
2x+ 2y + 6z = m+ 3n
x+ y + z = 1
2x+ y + 3z = 7
x = 0, y = −2, z = 3, m = −10, n = 8
